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Summary.

4.1. Introduction. This chapter contains methods to obtain extremum of a given functional in one
variable, several variable, for functional involving higher derivatives and variational derivatives.

4.1.1. Objective. The objective of these contents is to provide some important results to the reader like:

(i)  Brachistochrone problem.

(i) Geodesics Problem.

(iii) lsoperimetric Problem.

(iv) The problem of minimum surface of revolution.

4.1.2. Keywords. Fumctional, extremal, Euler Equation.



4.2. Functional. Let there be a class of functions. By a functional, we mean a correspondence which
assigns a definite real number to each function belonging to the class. In other words, a functional is a
kind of function where the independent variable is itself a function. Thus, the domain of the functional is
the set of functions.

Examples. (1) Let y(x) be an arbitrary continuously differentiable function defined on interval [a, b].
Then the formula,

b
Jyl = J. y?(x) dx defines a functional on the set of all such functions y(x).

a

(2) Consider the set of all rectifiable plane curves. The length of any curve between the points (Xo, Yo)
and (X1, y1) on the curve y = y(x) is given by

Xl dy 2 ]/2
I(y(x)) = J‘ 1+ = dx
(vt9) { & }
X0
This defines a functional on the set of rectifiable curves.

(3) Consider all possible paths joining two given points A and B in the plane. Suppose that a particle can
move along any of these paths and let the particle have a definite velocity v (X, y) at the point (X, y).
Then we can define a functional by associating with each path, the time taken by the particle to traverse
the path.

(4) The expression,
b
II= [ FB Y09 L y6olix

gives a general example of functional. By choosing different functions F (X, y, y') we obtain different

functions. For example, if we take F = y?, we obtain example (1) given above.

Remark. The generalised study of functionals is called “calculus of functionals”. The most developed
branch of calculus of functionals is concerned with finding the maxima and minima of functionals and is
called “calculus of variation”. We shall study this particular branch and shall find the extremals of the
functionals.

Further, while finding the extremals we shall consider only the functionals of the type
b
3= [P0, ylex
a

where y(x) ranges over the set of all continuously differentiable functions defined on the interval [a, b].

4.2.1. Motivating Problems. The following are some problems involving the determination of maxima
and minima of functionals. These problems motivated the development of the subject.
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slide under the influence of gravity along some path joining A and B depends on the choice of the path
(curve) and hence is a functional. The curve such that the particle takes the least time to go from A to B
is called “brachistochrone”.

The brachistochrone problem was posed by John Bernoulli in 1696 and played an important part in the
development of the calculus of variation. The problem was solved by John Bernoulli, James Bernoulli,
Newton and L Hospital. the brachistocharone comes out to be a cycloid lying in the vertical plane and
passing through A and B.

2. Geodesics Problem. In this problem, we have to determine the line of shortest length connecting two
given points (Xo, Yo, Zo) and (X1, y1, 1) on a surface S given by ¢ (X, y, z) = 0.

Mathematically, we are required to minimize the arc length | joining the two points on S given by

12
X1 2 2
| = j 1+(d—yj +(d—zj dx
dx dx
X0
Subject to the constraint ¢ (X, y,z) =0

3. Isoperimetric Problem. In this problem, we have to find the extremal of a functional under the
constraint that another functional assumes a constant value.

Mathematically, to make
X1
IB1= [ P09 . yeoldx
X0
maximum or minimum such that the functional

¢ [yl = IG [X, y(xX), y(X)]dx is kept constant.

X0

For example, “Among all closed curves of a given length 1, find the curve enclosing the greatest area.”
This problem is an isoperimetric problem. This was solved by Euler and required curve comes out to be
acircle.

4. The problem of minimum surface of revolution. In this problem, we have to find a curve y = y(x)
passing through two given points (Xo, Yo) and (X1, y1) which when rotated about the x — axis gives a
minimum surface area.

Mathematically, the surface area bounded by such curve is given by,

X1 d 2
S= IZ;ry /1+(—yj dx
dx
X0



Thus, we have to find a particular curve y = y(x) which minimizes S.

4.2.2. Function Spaces. As in study of functions, we use geometric language by taking a set of n
numbers (X1, X2, ..., Xn) @ a point in an n — dimensional space. In the same way in the study of
functionals, we shall regard each functions y(x) belonging to some class as a point in some space and the
spaces whose elements are functions are called “Function spaces”.

Remark. The concept of continuity plays an important role for functionals, just as it does for the
ordinary functions. In order to formulate this concept for functionals, we must somehow introduce a
concept of closeness for elements in a function space. This is most conveniently done by introducing the
concept of the “norm” of a function (analogous to the concept of distance in Euclidean space). For this,
we introduce the following basic concepts starting with a linear space.

4.2.3. Linear space. By a linear space, we mean a set R of elements x vy, z, ... of any kind for which
the operations of addition and multiplication by real numbers «,f,... are defined and obey the

following axioms:
I. X+y=y+X
ii. xX+ty)+tz=x+(y+2)

iil. There exists an element ‘0’ suchthatx +0=x=0+xforall x e R

iv. For each x e R, there exists an element —x s.t. X + (-X) =0 = (-X) + X
V. 1x=x

Vi a (Bx)=(a p)x

vii. (a+pB)x=ax+ gx

vil., a Xty)=ax+ ay

4.2.4. Normed Linear space. A linear space R is said to be normed if each element x € R is assigned
a non negative number ||x|, called the norm of x, such that

(1)  |x| =oifandonlyifx=0
@ x| = o ¥

@ x+y] < x|+ v

In a normed linear space, we can talk about distances between elements by defining the distance
between x and y to be the quantity ||x —y|.

4.2.5. Important Normed Linear spaces. Here are some examples of normed linear spaces which will
be commonly used in our further study.

Q) The space C [a, b] : The space consisting of all continuous functions y(x) defined on a closed
interval [a, b] is denoted as C [a, b]. By addition of elements of C [a, b] and multiplication of elements
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numbers.

The norm in C [a, b] is defined as:

IVll, =max.| y(x)|

a<x<b

(2 The space D [a, b] : This space consists of all functions y(x) defined on an interval [a, b] which
are continuous and have continuous first derivatives. The operations of addition and multiplication by
numbers are the same as in C [a, b] but the norm is defined by the formula,

Iy] 1 = max. a<x<b |y(x)| + max. a<x<b |y'(x)|

Thus, two functions in D [a, b] are regarded as close together if both the functions themselves and their
first derivatives are close together, since

ly—z|, < e implies that |y(x) —z(x)| < e and |y(X)-Z(X)| < €.

(3)  The Space Dn [a, b] : The space Dn [a, b] consists of all functions y(x) defined on an interval [a,
b] which are continuous and have continuous derivatives upto order n where n is fixed integer. Addition
of elements of Dn and multiplication of elements of Dy by numbers are defined just as in the preceding
cases, but the norm is defined as :

n

V] n = Z max. a <X < b‘y(i) (x)‘

i=0
where y®(x) = (%j y(x) and y @ (x) denotes the function y(x) itself.

Thus two functions in Dy [a, b] are regarded as close together if the values of the functions themselves
and of all their derivatives upto order n inclusive are close together.

4.2.6. Closeness of functions.

(1) The functions y(x) and z(x) are said to be close in the sense of zero order proximity if the value
|y(x)—z(x)| is small for all x for which the functions are defined. Thus, in the space C [a, b], the

closeness is in the sense of zero order proximity.

(2) The functions y(x) and z(x) are said to be close in the sense of first order proximity if both
ly(x)—z(x)| and |y'(x)—Zz'(x)| are small for all values of x for which the functions are defined. Thus, in

the space D [a, b], the closeness is in the sense of first order proximity.

(3) The functions y(x) and z(x) are said to be close in the sense of n'" order proximity if

YO =yX)[, [y =Z(3.....

defined. In the space Dn [a, b], the closeness is in the sense of n™ order proximity.

y" (x)—z”(x)‘ are small for all values of x for which the functions are



4.2.7. Continuity of functional.

The functional J [y(x)] is said to be continuous at the point y = yo(x) if for any € >0, there existsa 6 >
0 such that

IY1-J[yo]| < e whenever |y—y,| < &
Further, the continuity is said to be in the sense of zero, first or n'™ order proximity according as norm is
defined as in C [a, b], D [a, b] or Dn [a, b].

4.2.8. Linear functional : Given a normed linear space R, let each element h € R be assigned a
number ¢ [h] that is, let ¢ [h] be a functional defined on R . Then ¢ [h] is said to be a linear functional

if

(1 ¢ [ahl= a ¢[h] forany h e R and any real number « .
(i) ¢ [h1+h2] = ¢ [h1] + ¢[h2] forany hy, ho € R.

For example,

(1) If we associate with each function h(x) € C [a, b] its value at a fixed point Xo in [a, b] that is, if we
define the functional ¢ [h] by the formula ¢ [h] = h(xo) then ¢ [h] is a linear functional on C [a, b].

b
(2) Theintegral ¢[h] = J.h(x) dx defines a linear functional on C [a, b].
a

b
(3) The integral ¢[h] = Ia(x) h(x) dx where « (x) is a fixed function in C [a, b] defines a linear
a

functional on C [a, b].

(4) More generally, the integral

b
¢[h] = I[% (%) h(x) + & () h'(X) +..+, () h" (x)] dx
a
where the « i (x) are fixed functions in C [a, b] defines a linear functional on Dy [a, b]

b
4.2.9. Lemma. If « (x) is continuous in [a, b] and if Ia(x) h(x) dx = 0 for every function

h(x) € C [a, b] such that h(a) = h(b) =0, then « (x) =0 for all x € [a, b]

Proof. Let, if possible, the function « (X) be non — zero say positive, at some point of [a, b]. Then by
virtue of continuity, « (X) is also positive in some interval [x1, x2] < [a, b].

We set,
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X=X ) (X, — X forall x e[x,, X
h(X)= ( 1)( 2 ) - [1 2]
0, otherwise

Then, h(x) obviously satisfies the conditions of the lemma. But we have

b X2

I a(x) h(x) dx = j a(X)(X—X) (X, —X) dX >0,

a X1
since the integrand is positive (except at X1 and x2). This contradiction proves the lemma.

Remark. The lemma still holds if we replace C [a, b] by D [a, b].

4.2.10. Lemma. If « (x) is continuous in [a, b] and if Ia(x) h'(x) dx =0, for every h(x) in D1[a, b] such

a
that h(a) = h(b) = 0, then « (x) = C for all x e [a, b] where C is a constant.
Proof. Let C be the constant defined by the condition

b
j [e(x)~C] dx =0 (1)

b
which, in fact, gives C = bi Ia(x) dx
a

b
Also, let h(x) = j[a(cf)—C] d& then clearly h(x) € D1 [a, b]. Also we have,

a

b b
h(a) = j[a(g)—c] dz = 0and h(b) = I[a(g)—c] dz =0 By (1)]

Thus h(x) satisfies all the conditions of the lemma and so by given hypothesis.

b

f () h'(x) dx =0 )
Now we calculate
b b b b
J' [(X) - C] h(x) dx = I a() h'(x) dx — C Ih'(x) dx =0- C Ih'(x) dx By (2)]
= C [h(b)-h(@)] =-C[0-0]=0 @)

On the other hand, by definition of h(x)
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b b b

I[a(x)—C] h'(x) dx = _[ [a(x)~C][ar(x)~C] dx = I[a(x)—C]z dx  (4)

a a

Expression (3) and (4) give the value of same integral so we have

a(x) C “dx =0 = a(X)-C=0 = a(X)=Cforall x € [a, b]

m'—.U

4.2.11. Lemma. If « (x) is continuous in [a, b] and if Ia(x) h"(x) dx =0, for every function h(x) € D>

a
[a, b] such that h(a) = h(b) =0 and h'(a) = h'(b) = 0. Then a (X) = Co + Cy1 x for all x € [a, b] where Cq
and Cy are constants.

Proof. Let Co and C1 be defined by the conditions

b
I [(X)~Cy —C, X]dx =0 (1)
b X
| | [#(&)=Co=C, ¢Jds ax =0 @
o g‘
and let h (x) = [(t)-C, —C, t]dtd& ©)
= )= '[ [e(t)—Co —C, t]dt (4)
and h"(X) = a(x) - Co—Cix (5)
Then, clearly h(x) e D2[a, b].
Also, we have
8 &
h(a) = [a(t)-C,—C, t]dtds =0
b &
h(b) = [a(t)-C, —C, t]dtdE =0 [By (2)]
a b

h(a) = I [ar(t)~C, —C, t]dt =0 and h' (b) = j [er(t)~ C, —C, t]dt =0 [By (1)]

a a
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b

Ia(x) h"(x) dx =0 (6)

a

Now we calculate,

b

b b b
j [(X)~Cy —Cy X] h"(x) dx = _[ a(x) h"(x) dx — C, j h"(x) dx — C, j X h(x) dx

a a

b
=0-Co[h'(b) - h' ()] - Cllx(h'(b) —h'(a))— I h'(x) dx]

=0 - CO(O)_Cl[(O)_(h(b)_h(a))] =0 (7)
On the other hand,
b b
I[a(x)—CO ¢, x] h"(x) dx = I[a(x)—CO ~c, x]Pdx [By (5)] ®)

By (7) and (8), it follows that
a(X)—Co—Cix=0 = a(x) =Co+ Cwxforall xin [a, b].

4.2.12. Lemma. If « (x) and p (x) are continuous in [a, b] and if

b
I[a(x) h(x) + A(x) ()] dx =0

for every function h(x) e Dz [a, b] such that h(a) = h(b) = 0 then prove that g (x) is differentiable and
B'(X) = a(x) forall xin [a, b].

X b
Proof. Let us set A(X) = | (&) d& . Now integrating by parts, the integral Ia(x) h(x) dx , we get

b b

I 2() h(x) dx = | h(x) j a(x) dx}

a

- jh'(x) ja(x) dx

a

b
= [h() AT - j h(x) A(X) dx

b b
= h(b) A(b) — h(a) A(a) — J' h(x) AX) dx = 0-0— Ih'(x) A(X) dx



b

b
= I a(x) h(x) dx = — I AX) h'(x) dx (1)

a

Now it is given that,
b

I[a(x) h(x) + A(x) ()] dx =0

a

Using (1), it becomes
b

b
J[—A(x) h(x) + A(X) h(x) ] dx =0 = I[,B(x)—A(x)] h(x) = 0forall x e [a, b]

Thus using lemma (2), we get,
S (X) — A(x) = C, (a constant).

BN =AX+C = ﬂ(x)=ja(§)d§ +C = B'()= a () forallx < [a b]

Hence proved.

Remark. The basic work is over. We now introduce the concept of the variation (or differential) of a
functional. The concept will the be used to find extrema of functionals.

4.3. Variation of a functional. Let J [y] be a functional defined on some normed linear space and let
A J[h] =J [y + h] be its increment corresponding to the increment h = h(x) of the independent

variable y = y(x). If y is fixed A J[h] is a functional of h.

Suppose that AJ [h] = ¢ [h] + e |h|| where ¢[h] is a linear functional and € —0 as ||h| —0. Then the

functional J [y] is said to be differentiable and the principal linear part of the increment A J[h] i.e the
linear functional ¢ [h] is called variation (or differential) of J[y] and is denoted by & J[h]. Thus, we can

write
AJ[h] = 6 J [n] + ||| where € >0 as ||h| —0.

4.3.1. Theorem. The differential of a differentiable functional is unique.

Proof. Let ¢[h] be a linear functional such that ﬁ —0 as ||h| —0, then we claim that g[h]=0 for all

h.

Let, if possible, ¢[ho] = O for some ho = 0, then by setting h, = Do and 4 = ﬁih(’”] we observe that
n 0

tim .1 _ um N dhg]

w = = A % 0 which is a contradiction to the
R T b

|h, | —0asn— o but

hypothesis.



78 Calculus of Variation

¢1[h] and ¢2[h] be two variations of J [y], then
AJ[y]= ¢1[h] + e1|h|; e1—0as ||h| -0
AJ[y]= ¢2[n] + e2||h|; e2—0as |h| >0

where both ¢1[h] and ¢2[h] are linear functionals.

Subtracting these, we get
gl gab=<alpl <] = AEEE -

Taking limit ||h| —0, we get,

um Al = AN] _ 0 [Since €1, e2—0as |[h|| —0]
[0 T
By above part, we get g1[h] — ¢2[h] = 0 = ¢g1[h] = @2[h]
Hence the uniqueness.

Remark. Let us recall the concept of extremum from analysis.

Let F (x1, X2, ..., Xn) be a differentiable function of n variables. then F(x1, X2, ..., Xn)

is said to have an extremum at the point (X, , X5, ..., X)) if

AF =F(X1, X2, ..., Xn) = F(Xy , X3, .00, X))

oy Ap

has the same sign for all points (xi, X2, ..., xn) belonging to some neighbourhood of (x'1 x2 o X0).

A

Further, the extremum is a minimum if AF > 0 and is a maximum if AF <0.
4.3.2. Extremum of a functional. We say that the functional J [y] has an extremum fory = y if J [y] -
J [y] does not change sign in some neighbourhood of the curve y = y (x).

Depending upon whether the functional are the elements of C [a, b] or D[a, b], we define two kinds of
extrema:

1. Weak Extremum. We say that the functional J [y] has a weak extremum for y = y if there exists an
e > 0such that J [y] —J [y] has the same sign for all y in the domain of the definition of the functional

which satisfy the condition Hy—y”1 < e where || |, denotes the norm in D1 [a, b].



2. Strong Extremum. We say that the functional J [y] has a strong extremum for y = y if there exists
an € > 0 such that J [y] —J [y] has the same sign for all y in the domain of definition of the functional

which satisfy the condition Hy—y”O < e where | |, denotes the norm in the space C [a, b].
Remark. It is clear by definitions that every strong extremum is simultaneously a weak extremum since
if Hy—y”1 < e, then Hy—y”0 < e and hence if J [y] is an extremum w.r.t all y such that Hy—y”O < e,

then J [y] is certainly an extremum w.r.t. all y such that Hy— yHl < e. However, the converse is not true,

in general.

4.3.3. Admissible functions. The set of functions satisfying the constraints of a given variational
problem are called admissible functions of that variational problem.

4.3.4. Theorem. A necessary condition for the differentiable functional J [y] to have an extremum for y
=y, is that its variation vanish for y = y that is, that 6 J[h] =0 for y = y and all admissible h.

Proof. W.L.O.G., suppose J [y] has a minimum for y = y so that
A J[h]=J[y +h]-J[y] = 0 forall sufficiently small |h]. (1)
Now by definition we have,
A J[N] = & J] + e |h]| where € >0 as || 0. @)
Thus for sufficiently small |h|, the sign of A J [h] will be the same as the sign of § J [h].

Now, suppose that if possible & J[ho] = 0 for some admissible ho.
Then for any a > 0, no matter however small,
0 J[~a ho]l =—36 J[a ho]
Thus by (2), AJ[h] can be made to have either sign for arbitrary small ||h| which is a contradiction to
(1). Hence 6 J[h] =0 fory =y and all admissible h.
b
4.3.5. Euler’s Equation. Let J [y] be a functional of the form J.F (x,y,Yy)dx defined on the set of
functions y(x) which have continuous first derivatives in [a, b] anda satisfy the boundary condition y (a) =
A, y(b) = B. Then a necessary condition for J [y] to have an extremum for a given function y(x) is that

y(x) satisfy the equation

d _
Fy= o () =0
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to satisfy the boundary conditions, we must have h(a) = h(b) = 0.

We calculate corresponding increment to the given functional.

b b
AJ:J[y+h]—J[y]:JF(x,y+h,y'+h')dx—J.F(x,y,y')dx

b

:J [F(x,y+h,y+h)-F(x,y,y)]dx

a

Using Taylor’s theorem, we obtain,

terms containing higher
order partial derivatives
and powers of h and h’
greater than 1

b
A J:I [Fy(x,y,y')h+Fy.(x,y,y')h']dx +

We express this as

b
A= I [Fy(x,y,y')h+Fy.(x,y,y')h'de + ...

b
Clearly the integral I [Fy(x YL YOh+R(X Y, Y )h'}dx represents the principal linear part of A J
a

and hence, we write,
b
o= I [Fy(x YL YO+ R (X, y,y')h']dx
a
Now by theorem (2), the necessary condition for J [y] to be extremum is that 6 J =0, so that
b
I [F .y, y)h+F,(x,y,y)h]dx =0
a
By lemma (4) (proved earlier), we obtain that
d .
Fy= ™ ) [Take Fy = a(x) and F,. = £(x) in lemma (4)]
= Fy— a4 (F,) =0
T oax YT

This equation is known as Euler’s Equation.
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4.3.6. Another form of Euler’s equation : As F is a function of x, y and y', so we have :

dF _ oF dx GF dy oF dy' _ oF aF y 8F "

o i (1)
X ox dx 8ydx 6y dx  ox 8y oy
Also we have,

d LOFY_ o d[oF oF .,

gy sl e ?

Subtracting (2) from (1), we obtain,

oF _df OF)_oF OF . d(F
dx dx oy' OX 8y dx \ oy

which can be written as,

d , OF oF _ i |OF _dfoF)|_ . , :
. {F—y W} v y L}y dx(c’ﬂy'ﬂ y' [0] [By Euler’s equation]

dx oy' OX dx

This is another form of Euler equation.

=3 i{F—y'ﬁ} —ﬁ_OOri(F y'F.) -Fx=0

Remark. Euler’s equation

d
F- L (F) =0 *
y dX(y) *)
and d (F—y'F.)—Fx=0 (**)
dx y

plays a fundamental role in the calculus of variations and is in general a second order differential
equation we now discuss some special cases:

Case 1. Suppose the integrand does not depend on y that is, let the functional of under consideration has

the form j F(x,y") dx, so that we have Fy =0

Then by (*), di (F) =0 = F,. =C, aconstant which is a first order differential equation and can
X

be solved by integration.

Case 2. If the integrand does not depend on x that is, the functional has the form

I F(y,y ") dx then Fx = 0 and so by (**), di (F-y'F,) =0 . F-y'F.=C
X
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Case 3. If F does not depend upon y', then again by (*), we get, Fy = 0 which is not a differential
equation but a finite equation whose solution consists of one or more curves y = y(x).

Case 4. Consider the functional of the form
b b
Jf(x,y)ds - I £(x,y) \I+y 2dx
a a

representing the integral of a function f (x, y) w.r.t. the arc length s where ds = /1+y ?dx . In this case

we have F(x,y, y') =f (X, y) {1+y 2 and Euler’s equation becomes,

%%(%}waw$wa-—P@w

oy oy

vl

=f Ity ? —f, L ¢ y* oyt b fy oy
e Ty Tyt () eyt iy ? o (y?)”

=0

Thus, fy—fx y' —f —

v 7 = 0 which is the required form of Euler’s equation.
+y!

2
4.3.7. Example. Find the extremal of the functional J [y] = dx y(1)=0,y(2) =1.

._\'—.N
=
+
<

Solution. Since the integrand does not contain y, so we shall use Euler’s equation in the form
F,. = constant = ¢ (say) )]

Now, we have

_ Ly ? 12yt 1y
F= = F. == L Z=
X 2 :|_+y'2 X l+y'

Using this in (*), we get
2 2
y' _ dy ) _ 5.2 dYJ
—=Cc= — | =c°x |14+ —=
X \[1+y (dxj { (dx :l

2 2 2,2
= (1-C%*x% (g—y] =c¢’x* = (d_yj = c>2< -
X

dx 1-c“x



= y= X +c'—j dx+c'——1j 2X dx +c'
V1-c?x? L 2 1 e
c ¢
12
2
==X
=-= +c'=— /—z—x +C
2 1/2 c
e - 1 2 Y% 2 -2
= (y-c¢) =5-x = (y-c') +x*=k* say
c

Thus, the solution is a circle with its centre on the y — axis. Using the conditions
y)=0y@)=1

we find that ¢ =2, k= /5

So that the final solution is, (y — 2)? + x? = 5.

4.3.8. Example. Among all the curves joining two given points (Xo, Yo) and (X1, y1). Find the one which
generates the surface of minimum area when rotaed about the x — axis.

Solution. We know (from calculus) that the area of surface of revolution generated by rotating the curve
y = y(x) about the x — axis is given by :

X1 X1
S= .[27r yy/1+y 2dx = 27 j yA/1+y 2dx
X0 X0
Since the integrand does not depend explicitly on x, Euler’s equation can be written as :

F-y' F.=C,constant.

2 2 2 2
= y:|_+y'2 -y y =C =y 1+y—y :C:>y_I2:C2
1+y ' 1+y 2 1+y
y*-C? dy _ 1 2_~2 Cdy
= y'= —= = = Jy'-C° = dx=
C dx C y2_C2

= Xx+C;=Ccosh™ (%j :y:Ccosh(chlj

which is the equation of a catenary. The values of arbitrary constants can be determined by the
conclitions

y (X0) = Yo, y (X1) =y1
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b
4.3.9. Example. Find the extremal of the functional J [y] = I(x —y)?dx
a

Solution. Here F = (x — y)? which does not contain y' explicitely so that Euler’s equation is Fy = 0
which gives
2(x-y)=0 = y=X
which is a finite equation and represents a straight line.
4.3.10. Example. Show that the shortest distance between two points in a plane is a straight line.

Solution. Let A (X1, y1) and B (X2, y2) be the given points and let ‘s’ be the length of curve connecting

X2
them, then  S= I 1+y dx
X1
Here F = /1+y "> which is independent of y. So Euler’s equation is

2

12
1 1 — C | [— C —
F,. = constant = ylzzc:>y—2:1+y2:> yz—l_—2:>y = = =m (say)
1+y ¢ c 1-c
= ay m = y = mx + ¢, which is the equation of a straight line.

dx
4.3.11. Exercise.

1
1. Show that the functional j (xy+Yy* —2y?y") dx, y(0) = 1, y(1) = 2 cannot have any stationary
0
function.

2z
2. Find extremals of the functional J[y(x)] = | (y'®—y?) dx that satisfy the boundary condition
0

y(0)=1,y(27)=1.
Answer. y = 1. cosx + Cz sin X that is, y = cosx + C sinx.

b 1 2
3. Obtain the general solution of the Euler’s equation for the functional J- — 1+ (j—yj dx
ay X
Answer. (x—h)? + y? = k2,

1
4. Find the curve on which functional H(y )? +12xy] dx with boundary conditions y(0) = 0 and
0

y(1) = 1 can be extremized.

Answer. y = x°.



4.4. Functionals Dependent on Higher Order Derivatives.

4.4.1. Theorem. A necessary condition for the extremum of a functional of the form

b
JIy] :.[F [x Y Y e y(“)] dx , where F is differentiable w.r.t. each of its arguments is

d d? n d" -
Fy— d_x Fy, + WFYH +...+ (1) W Fy(n) =0

Proof. Let us consider the functional,

b
Iyl = IF [x RYARVANN y(”)] dx satisfying the boundary conditions,

y@=y1; y'@=y;..;y"P(@)=y"

yo)=y2; y'(b) =y, ...y (b)=y;*

We give y(x) an increment h(x) so that y(x) + h(x) also satisfies the above boundary conditions. For this,
we must have

h(a)= h'(a) = ... =h®™D@) =0
and h(b)=h'(b)=..=h"Db)=0 Q)
We now calculate the corresponding increment to the given functional,
AJ=J[y+h]-J[y]
which gives,

A= T[F (x,y+h,y'+h . y®+ h‘”))—F(x,y,y',...,y(“))] dx

a

Using Taylor’s theorem, we obtain,

A= jb'(Fyh +F, h'+.+ Fy(n)h(“))dx +...

a

The integral on R.H.S. represents the principal linear part of the increment A J and hence the variation of
J[ylis

b
— ' ()
5= [(Rh+F, W +.+F,h®)dx
Therefore, the necessary condition ¢ J =0 for an extemum implies that

T(Fyh +F W+ Fy(n)h(“))dx =0 @)
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On R.H.S. of (2), integrate the 2" term by parts once so that,

ij. hdx = [F, h)] - jdiX(Fyv) h(x) dx )

a

On R.H.S. of (2), integrated the 3" term by parts twice to get

b b
[F.hdx = [F,. h'(x)]b{di (F,. h(x)} + j — (F.)hdx (@
a @ X a
Continuing like this, integrating the last term by parts n times, we get
b b d b b dn
) — (n-1) (n-2) AL
! Foh® dx = [F, h (x)]a{d—x (Fo)h (x)l+...+( 1) j e (F o ) N0 dx (5)

Using the boundary conditions (1) in (3), (4), (5), the integrated parts within the limits a and b

vanish and then using these in (2), we get

pr_dix(p e L) Lo (n)}h(x) dx =0

a

Thus by a lemma proved earlier, we have

Ry (F) + 47 (Fe) + ot €1 £ (7 () =0

This result is again called Euler’s equation which is a differential equation of order 2n. Its general
solution contains 2n arbitrary constants which can be determined by the boundary conditions.

4.4.2. Example. Find the stationary function of the functional J': y*+yy)dx ;y@=4 y@-=41,,
y(o)= 1, y'(b) = 4,

Solution. The given functional is Lb (?+yy)dx.LetF(x,y, ¥, y')=y?+yy".

2
The Euler’s - Poisson Equation is Fy—i F, + d—z F.=0 Q)
dx 7 dx® 7
Here Fy=y" F, =2y F. =v.
So (1) = ”—1(2 ’)+i()—0
y dx YTV

y'-2y" +y"=0 = 0=0, which is not a differential equation.

So, there is no extremal and hence no stationary function.



4.4.3. Exercise.

"2

1. Find the curve the extremises the functional J:M (y"* —y® +x?) dx under the boundary condition y(0)

=0,y (0) =1, y(/4) = y' (x/4) = %

Answer. y = sinx
4.5. Functionals dependent on Functions of Several Independent Variables.

So far, we have considered functionals depending on functions of one variable that is, on curves. In
many problems, one encounters functionals depending on functions of several independent variables that
is, on surfaces. We now, try to find the extremum of such functionals.

However, for simplicity, we confine ourselves to the case of two independent variables. Thus, let F(X, v,
Z, Zx, Zy) be a function with continuous first and second partial derivatives w.r.t all its arguments and
consider a functional of the form

J(z):J.J'F(x,y,z,zX ,Z,)dx dy

where R is some closed region. Before giving the Euler’s equation for such functionals, we prove the
following lemma.

45.1. Lemma. If « (x,Y) is a fixed function which is continuous in a closed region R and if the integral

[[e (<, y)yh(x, y)dxdy

vanishes for every function h (x, y) which has continuous first and second derivatives in R and equals
zero on the boundary D of R, then prove that « (X, y) = 0 everywhere in R.

Proof. Let, if possible, the function « (X, y) is non zero, say positive at some point say (Xo, Yo) in R.
Then by continuity « (x, y) is also positive in some circle

(X —X0)* + (y —Yo)’ < € 1)
contained in R with centre (Xo, Yo) and radius €.

Now we set h(X, y) = [ (x=X,)* +(y = Y,)’— 62]3 inside the circle (1) and h (x, y) = 0 outside the circle.

It is clear that h (x, y) has continuous first and second order derivatives in circle and also h(x) equals
zero on the boundary of the circle so that all the conditions of the lemma are satisfied. Hence we must
have

[ 6. y)h(x, yydxdy =0 (2)

where R' is circle given by (1)

But it is clear that integrand in (2) is positive in circle (1) and so integral (2) is obviously positive.
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This contradiction proves the lemma.
Green’s Theorem. It states that
”(@—@j dxdy = dex + Qdy,
2\ OX oy ’
where D is boundary of the surface R.

4.5.2. Theorem. A necessary condition for the functional

J(z):”F(x,y,z,zx, z,)dx dy

to have an extremum for a given function z (x, y) is that z (X, y) satisfies the equation

0
l:z—i sz—— Fzy:O
oX

oy

Proof. Let h (X, y) be an arbitrary function which has continuous first and second derivatives in the
region R and vanishes on the boundary D of R. Then if z (X, y) belongs to the domain of definition of the
given functional so does z (x, y) + h (X, y)

Thus we have,

AJ:J[z+h]—J[z]:”F(x,y,z+h,zx+hx,zy+hy)—F(x,y, z,2,,2,)dxdy
R

Using Taylor’s theorem, we get,

Al= ” (F,h+F, h +F h)dxdy+...
R

Integral on R.H.S. represents the principal linear part of the increment A J and hence the variation of J[z]
is,

53=[] (R h+F_h, +F h)dxdy (1)
R
Now consider,
0 0 0 0
6—X(szh) = F, Mt (F,)-hand 5 (F,h)=F, hy+ 5 (F,)h

o 0 0 0 0
which give, F, = —(F,h) - — (F, ).hand F,_hy= 5 (F,h) - 5( )

Using these in (1), we obtain

53_” thxdy+” { (F h)+%(F h)}dxdy ” { (F 1+%F hﬂhdxdy



i o e 1] (26 £f o

D R
using Green’s theorem

The second integral on R.H.S. is zero because h(x, y) vanishes on the boundary D and hence, we obtain,

5= jﬂﬁ-aﬁx(ex)-%(ey)} h(x,y) dx dy

Thus, the condition for extremum, 6 J = 0 implies that

0 0
] I {Fz—g(ﬁx)—@(ey)} h(x,y) dx dy =0

Hence by lemma (5), we have,
0 0
Foe — (F,)- 5 (F) =0

which is the required condition. This equation is known as Euler’s equation and is a second order partial
differential equation in general.

4.5.3. Example. Derive Euler’s equation for the functional
2 2
J[Z] = ”(gj [ 22 ax dy
=\ OX oy
. _(oz > (o2 ’ _ 2 2
Solution. Here, F (X, Y, 2,24, 2) = | — | —| = | =(z,)"—(z,) . Therefore
OX oy
F:=0, F, =2z, F, =-2zy

Now, the Euler’s equation is,

el L Ez0 = 0o 2wl @y=o
ax X 6y y 8X ay
2 2
= Sl-fi=o

which is the required Euler’s equation. The solution of this second order partial differential equation will
give the extremal of the given functional.

4.5.4. Example. Find the surface of least area spanned by a given contour.

Solution. In this case, we have to find the minimum of the functional.

J[z] = “,/1+z§+z§ dxdy
R
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= FX VY, 2 2x 2y) = 1+z)2(+z§
z z
Therefore, F,=0; F=—=__F = y

2 2 Y 2 2
J+Zi+2 «/1+zx+zy

Now, the Euler’s equation is

: =0 1)

Let us calculate,

8 z, _ (1+p*+0*)r — p’r—pas
ox J+Zi+7; ) (1+p2+q2)3/2

WherEZx:p;Zy:q;Zxx:r;ny:Zyx:S;Zyy:t

Similarly

0 z, _ (1+p*+0*)t - g’t—pas

oy m ) (1+ p? +q2)3/2
Using these in (1), we have,
(1+p®+0°) r—p’r—pgs + (1+p*+q*) t— g’t—pgs =0
= r(1+g%) - 2pgs + t (1+p?) =0
The solution of this differential equation will provide the solution.

2 2
4.5.5. Example. Show that the functional _[;{ZXJF((;—):) +(2—¥] } dt with x(0)=1y(0) =1, x(1) =15

: . 2+t
y(1) = 1 is stationary for x = -;t ,y=1.

Solution. The given functional is J':(Zx +y? +x%) dx

Let F=2x+ x”? + y”?

The Euler’s equations are Fx— d F.=0 Q)

dat ”*



Here Fx=2Fy=0F, =2X" F, =2y

d d2x dx
So,1)=2-—(2x')=0= — =1= — =t+C
@) dt( ) dt? dt !
.t2
= x:?+C1t+Cz 3)

Also (2) = 0—%(2y’):0 = dd_{ =0=y =Cs

= y=Cst+C4 4)
So, (3) and (4) are equations of extremals
The boundary conditions are x(0) =1y(0) =1x(1)=15y(1) =1
X(0)=1=0+Ci(0)+C2=1=Co=1
y(0)=1=C30)+Cs=1=>cs=1

x(1)=15= %+C1(1)+c2:1.5:> % +C1+1=15=C3=0
S0,C1=0,C2=1,C3=0,Cs=1

2 2
So, equation (3) = x = % +0.t+ 1, thatis, x = t

Equation (4) = y=0.t + 1, thatis,y=1

2
. . +
Therefore, stationary functions are x = , y=1.

4.6. Variable End Point Problem. So far, we have discussed the functionals with fixed end points.
Sometimes it may happen that the end points lie on two given curves

y=¢(X)andy= ¥ (x).

Such problems are called variable end point problems. We discuss only a particular case in the form of
following problem.

4.6.1. Problem. Among all curves whose end points lie on two given vertical lines x = a and x = b. Find
the curve for which the functional

Il = [Fx,y,y)dx (1)

has an extremum.
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Solution. As before, we calculate

AJ=J[y+h] - J[yl= [[Fx,y+h,y+h)-(x,y ,y)]dx

a

Using Taylor’s theorem, we obtain

A= T(Fyh+ R, ) dx+ ...

a

Then the variation o J of the functional J[y] is given by principal linear part of A J that is,
b
53=[(F, h+F, h)dx

Here, unlike the fixed end point problem, h(x) need no longer vanish at the points a and b, so that
integrating by parts the second term, we get

b

_ I(F S ]h(x) ax+ [ 000 ]

a

b
d
= [Fy—& Fy-jh(x) d(x) + .|, h(0)~F,| __h(a) )
We first consider functions h(x) such that h(a) = h(b) = 0. Then, as in simplest variational problem, the
condition & J = 0 implies that

d - _
Fy — ™ F =0 3)
Thus, in order for the curve y = y(x) to be a solution of the variable end point problem, y must be an
extremal that is, a solution of the Euler’s equation. But if y is an extremal, the integral in the expression

(2) for o J vanishes and then the condition ¢ J = 0 takes the form,

F | s h(b)—Fy.\X:a h(@) =0

But since h(x) is arbitrary, it follows that

v, =0 (4)

y'|x=a

Thus, to solve the variable end point problem we must first find a general integral of Euler’s equation
(3) and then use the condition (4) to determine the values of arbitrary constants.

Remark.
1. The conditions (4) are some times called the natural boundary conditions.

2. Besides the case of fixed end points and the case of variable end points, we can also consider the
mixed case, where one end is fixed and the other is variable.
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For example, suppose we are looking for an extemum of the functional (1) w.r.t. the class of curves
joining a given point A (with abscissa a ) and an arbitrary point of the line x = b. In this case, the

conditions (4) reduce to the single condition Fy.|X:b =0andy (a) = A serves as the second boundary
condition.

4.6.2. Example. Starting from the point P (a, A), a heavy particle slides down a curve in a vertical plane.
Find the curve such that the particle reaches the vertical line x = b (#a) in the shortest time.

Solution. For simplicity, we assume the point P to be origin. Then velocity of the particle,

|2
V:%: 1+y'2d_x = dt= —M dx

dt dt Y

Also, we have, v —u% = 2gh = v2 - 0=2gy = v = /2gy

/ 12 , |2
So that dt = Lty dx or the total time, T = J' dx
29y

We have to find least value of T. In this case, F =

12

1+y
2gy

Since x is absent, so Euler’s equation is taken as F—y' F . = constant = C (say)

iy 14y’ -y? 2 (14 2) =
= =C = C* (1+y —_—

J2oy " 20y 1/1+y ? 1/1+y 2 J2a9y ( ) 29y
= y‘Z:E—lwhere 12:K:d—y—\/K Yo \/ y dy = dx

y 29c dx y K-y

- i

Integrating, we get, '[ dy = Idx +Cy Q)
vK-y

Lety =Ksin? 9/2 = dy=Ksing/2 cosd/2 do
so that (1) becomes

| JKsing/2
JKcoso/2

Ksin#/2 cos0/2 d6 =x + Cy

1- cosH

stm 9/2d9_x+clz>Kj d<9x+C1:>%(9—sin0):x+C1

Or % (6 —sin@) — Cy
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Again sincey =K sin?6/2 = y= g (1—cos®)

Thus the solution is, X = %(6’ —sin@) — Cy; ¥y = %(1—cos:9)
Since the curve pass through the originso C1 =0

So that the curve isx =r (6 —sinéd),y=r (1—cosf), r= g

This is an equation of a cycloid and value of r is determined by the second condition, namely

y

J20y/1+y ?

= y'=0forx=b = j—y =0forx=D
X

Foleey =0 = =0forx=b

y

Now &Y = /A0 _ sinG _ 4 Giip=0= 9=z forx=b
dx dx/dé 1-cosé

Now x =r(8 —sinf) = r = X_ = b_ -b
@-sind r-sint &

Hence the required curve finally comes as
= B(9 —sin@);y= b (1—-cos@)
T T

4.7. Variational Derivatives. We introduce the variational (or functional) derivative, which plays the
same role for functionals as the concept of the partial derivative plays for functions of n variables. We
shall follow the approach to first go from the variational problem to an n-dimensional problem and then
pass to the limit N —oo.

Remark. From elementary analysis we know that a necessary condition for a function of n variables to
have an extremum is that all its partial derivatives vanish. Now we derive the corresponding condition
for funcionals.

Consider the functional,
b
Il = [F(x,y,y)dx (1)

y@=A yb)=B
Divide the interval [a, b into n + 1 equal subintervals by introducing the points
A =Xo, X1, X2, ..., Xn, Xn+1 =D

and we replace the smooth function y(x) by the polygonal line with vertices
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(XOy yO); (Xll y1)1 LR (Xn, yn)! (Xn +1, yn +1) or (a; A)! (Xll yl), ceey (Xn, Yn), (b! B)
where yi = y(xi). We shall denote xi+1 — Xi by A X. Then we approximate (1) by the sum
J[Yl, y2, . yn]: ZF(Xi,y” y|+1 yl} (2)
i=0 AX

which is a function of n variables.

0I(Yi, Yy 1o Yn)
oYy

We observe that each variable yk in (2) appears in just two terms corresponding to i =k -1 and i = k and
these two terms are,

Now, we calculate the partial derivatives

Thus we have,

o) _ Yin — Yk Ye =Y Y — Y

Dividing (3) by Ax, we get

al _ Yir —Y 1 Yir =Y Y —Yi
=F X,, , Jktl Tk F . X, , , Jktl Sk —F.|lx , , k k-1 4
oy Ax Y [ oY Ty j Ax{ y ( Yo Ty v | MY TG )

The expression dy, Ax appearing in denominator on the left has a direct geometric meaning.

As Ax — 0, the expression (4) gives

oJ d

— =FX,y,Y)-— FE.(X,y,y) . *
5y L, (YY) OIXy(yy) *)
This is known as the variational derivative of the functional.

Remark. By equation (*), we observe that variational derivative g—; is just the left — hand side of

Euler’s equation and for extremal variational derivative of the functional under consideration should
vanish at every point. This is the analog of the situation encountered in elementary analysis, where a
necessary condition for a function of n variables to have an extremum is that all in partial derivatives
vanish.

4.7.1. Another definition of variational derivative. Let J [y] be a functional depending on the function
y(x) and suppose we give y(x) and increment h(x) which is non zero only in the neighbourhood of a
point Xo. Let A_ be the area lying between the curve y = y(x) and y = y(x) + h(x).

Now, dividing the increment J(y + h) — J [y] of the functional J [y] by the area A_ we obtain the ratio,
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Jly +h] —Jly]
T, @

[e3

Now, we let the area A tend to zero in such a way that both max. |h(x)| and the length of the interval in
which h(x) is non —zero tend to zero. Then, if the ratio (1) converges to a limit as Ac — 0, this limit is

Xp *

called the variational derivative of the functional J[y] at the point xo and is denoted by g—y =

Remark.

1. Itis clear from the definition of the variational derivative that the increment

AJ=J[y+h] =Jly]l= {g—;]/ x=x, T E}AG

where €— 0 as both max. |h(x)| and the length of the interval in which h(x) is non vanishing

tend to zero.

2. It also follows that in terms of variational derivative, the differential or variation of the functional
J[y] at the point xo is given by

5J:ﬂxzx Ao
oy’ ™

4.7.2. Invariance of Euler’s Equation. In this section we show that whether or not a curve is an
extremal is a property which is independent of the choice of the coordinate system.

b
For this, consider the functional J [y] = _[F (x,y,y)dx (1)

Now we introduce another system of coordinates by substituting,

X
120 )

u yV

X=X (u,v)andy =Yy (u, v) such that the Jacobian

Then the curve given by the equation y = y(x) in the xy, plane corresponds to the curve given by some
equation

v =Vv(u) in the uv — plane.

Now, we have

dx oOx du oOx dv
— = — — + —.— =X, +X,
du ou du ov du
ﬂ:g d_u+gy :yu+yvv
du ou du ov du

which gives
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dy - YtV ad dx = (Xu + xv V')du

dx X, +X, V'
By these substitutions, functional (1) transforms into the functional,

hiv] = jF{x(u vy, 22 }(xmv)du— JREv v @) @

a u v a

We now show that if y = y(x) satisfies the Euler’s equation

% _ i i =0 (4)
gy dx \oy'
corresponding to the original functional J[y], then v = v(u) satisfies the Euler’s equation.
K _d (G_FJ ~0 ©)
ov du (ov'

corresponding to the new functional Ji[v]. To prove this, we use the concept of variational derivative.

Let A o denotes the area bounded by the curves y = y(x) and y = y(x) + h(x) and let A o 1 denotes the
area bounded by corresponding curves v = v(u) and v = v(u) + 7 (u) in the uv — plane.

Now (by a standard result for the transformation of areas) as A o and A o1 tend to zero, the ratio

u

‘' which is non zero by (2).

Ao /Ao, approaches the Jacobian vy

Thus if lim Jly+hl - ‘][y]-Othen I|m IvEn] = [V]:O

Ac—0 Ao Agl

It follows that if y(x) satisfies (4), then v(x) satisfies (5). This proves invariance of Euler’s equation on
changing the coordinate system.

Remark. In solving Euler’s equation sometimes change of variables can be used for simplicity. Because
of the invariance property, the change of variables can be made directly in the integral rather than in
Euler;s equation and we can then write Euler’s equation for new integral.

0
4.7.3. Example. Find the extemals of the functional J'\/r2 + r? d@ wherer=r(9)

Solution. Let J [r (8)] = jg,/(r%r r'z) de

Putx=rcosé,y=rsinf = ax = —rsind + dr cosé
deo déo

and dy -rc030+£sm0
do do
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2 2 2
(5]
do do do

Thus, we have

[P+ do = j\/(j—);j:(j—é]z 46 = [|J(ax)’ +(ay)*
- 1{3_02 dx= [Ty ox

Suppose at 8 = €1, x =xgand at 6 = 82, X = X250 that the given functional becomes,

X3

IYX1= 1+ y* dx

X
which has been solved earlier and gives the solution of the type
y=mx+c

Thus, the extremals are r sin@ =mr xosd +c¢

0,
4.7.4. Exercise. Find the extremal of the functional J'rsine Jr? + r? do using the transformation x =
4

rcosé,y=rsing.
4.8. The fixed end point problem for n unknown functions.

4.8.1. Theorem. A necessary condition for the curve yi=y; (x) (i=1, 2, ..., n) to be an extremal of the
functional

b
] P B |1 A R AR AR AR AR .

is that the functions yi (x) satisfy the Euler’s equations.
F d F.)=0 i=1,2
yi—&( yi.)— (I— ) ,...,n)

Proof : Let F(X,,¥Y., ¥, o0 ¥y s V10 Y, eny,) be a function with continuous first and second
derivatives w.r.t. all its arguments. Consider the functional.

b
JIyn Y2, ..., yn] = J.F (X s Yireen Yo o Vi aeenYy) AX 1)

satisfying the boundary conditions,



vi(@@=A,yi(b)=Bi(i=1,2,...,n) (2

We replace each yi (x) by a varied function yi (x) + hi (x) where both y; (x) and yi (x) + hi (x) satisfy the
boundary conditions (2). For this, we must have,

hi(@)=hi(b)=0 i=12,...,n)
We now calculate the increment

AJ=1 [y1+ hy, oyt hn] —J [yl, ...,yn]

b
= A= IF X,y th Ly, th o +y Ly Fh) = FX LY Y, s Y sy, dX

b n
Using Taylor’s theorem, AJ = I Z (Fyihi + Fyih'i) dx + ...

a i=1
The integral on R.H.S. represents the principal linear part of A J and hence the variation of J [ya, ..., Yn]
is

i=1

5= T (F,hi+F, b )dx

Since all the increments h; (x) are independent, we can choose one of them arbitrarily setting all others
equal to zero, so that the necessary condition ¢ J = 0 for an extremum implies

P e 1

(F,h+F,h,)dx =0 (=12 ...,n)

Using lemma (4) (earlier proved), we obtain

d d _ .
R = o (R,) o F, - o =0 (i=1,2 ..,n)
which are required Euler’s equations. This is a system of n second order differential equations, its
general solution contains 2n arbitrary constants, which are determined from the boundary conditions (2).
4.8.2. Example. Find the extremals of the functional J [y, z] = I(Zyz —2y* +y* —z'2) dx

Xo

Solution : Euler’s equations are ﬂ—i ﬁ =0 1)
oy dx oy

and oa_4a (ﬂj =0 (2)
oz dx \oz

Here f = 2yz — 2y? + y? —z*

which gives U 224y ; ﬂ =2y ; oa 2y ; a 27
oy oy
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d d’y
27-4y—— (2y)=0=>z-2y— — =0 3
z—4y dx( y) y 2 (3)
d d?z

and 2y- — ( -2Z)=0=>y+ — =0 4
y dx( ?) Y dx? )

2 2 2 4

y d°z dy dy

From (3), we have z = 2y + = = 2 +
®) y dx? dx? dx*>  dx*

2

o d d'y
Putt 4), ty+2— +— =
utting in (4), we get, y o T ax

Aux. Equationism*+2m?+1=0 = (m’+1)> =0 = m= +i, *i
Hence, the solution is

0= (D*+2D%+1)y=0

y = (Ax +B) cos x + (Cx +D) sin x (5)
2
and z can be obtained by using the relation, z = 2y + 37)2/
which comes out to be, z = (Ax +B) cos x + (Cx +D) sin x + 2C cos x — 2A sinx (6)

Equations (5) and (6) are required solutions where A, B, C, D can be determined by the boundary
conditions.

4.8.3. Exercise. Find the extremals of the functionals
/2
J[x1, x2] = I (x1 PrX, 2+ 2xlx2)dt subject to boundary conditions
0

x1(0) =0, x1(7/2) =1, x2(0) = 0, x2(7/2) = -1
Answer. xi(t) =sin t, X2(t) = —sin t
4.9. Check Your Progress.

1. Find the extremals of the functional I[y 2 _y? +uy cosx:l dx, given that y(0) = 0 = y(1).
0

Answer. y = (B + X) sinx where B is an arbitrary constant.

4.10. Summary. In this chapter, we observed that to find maxima and minima of functional small
changes in functions and functionals were made to derive the required equations and hence some
ordinary / partial differential equations were obtained, solving which we achieved the functions which
result the functional in extreme values.

Books Suggested:
1. Hilderbrand, F.B., Methods of Applied Mathematics, Dover Publications.
2. Gelfand, J.M., Fomin, S.V., Calculus of Variations, Prentice Hall, New Jersey, 1963.


https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Functional_(mathematics)



